Abstract: Numerical explorations show how the known periodic solutions of the Hill problem are modified in the case of the attitude-orbit coupling that may occur for large satellite structures. We focus on the case in which the elongation is the dominant satellite's characteristic and find that a rotating structure may remain with its largest dimension in a plane parallel to the plane of the primaries. In this case, the effect produced by the non-negligible physical length is dynamically equivalent to the perturbation produced by an oblate central body on a mass-point satellite. Based on this, it is demonstrated that the attitude-orbital coupling of a long enough body may change the dynamical characteristics of a periodic orbit about the collinear Lagrangian points.
Introduction
In the three-bodies problem setting, libration points are places where the gravitational forces exerted by the primaries on the third body counterbalance dynamical forces acting on it. Therefore, the position of a satellite placed on a libration point remains stationary relative to the primaries. From the five libration points the so-called L 2 point, which is collinear with the primaries and beyond the smaller one, has been pointed out to provide superior opportunities for scientific and exploration missions [1] . Specifically, the sun-Earth collinear points are the location chosen for programmed astronomical observatories as ESA's Gaia 2 or NASA's James Space Web Telescope 3 .
One drawback of libration point missions is the severe demand of active control stemmed from the inherent instability of the dynamics about the collinear points. Different techniques have been developed to make less severe the stationkeeping requirements [2, 3] , including near propellent-free propulsion [4] and the possibility of a purely dynamical stabilization [5] . Here we explore the possibilities of using the attitude-orbit coupling effects to find stabilizing configurations for large space structures where the elongation is the dominant satellite's characteristic.
To get a clear insight in the coupled dynamics we simplify the three-bodies dynamics to the Hill problem approximation and only consider elongated objects that are modeled in the dumbbell approximation. Furthermore, for bodies in fast rotation when compared to the rotation rate of the primaries the problem evolves in different time scales, which allows us for carrying an averaging procedure out.
The averaging decouples the rotational motion, which can be integrated analytically in closed form, from the orbital one. Then, the orbital motion is reduced to a time-dependent three degrees of freedom problem in which the satellite's dimension is modeled with a single parameter. In particular, the averaged rotational motion reduces to an equilibria when the fast rotation occurs in a plane parallel to the orbital plane of the primaries. In this case, the orbital motion is conservative and can be explored with the usual tools of nonlinear dynamics. More precisely, the numerical continuation of periodic orbits about L 2 allows us to carry out a systematic study of their dynamic characteristics that shows the influence of the elongation in the orbital dynamics.
Hill problem dynamics
The Hill problem is a simplification of the three-body problem, which in turn is a simplification of real models. The three-body problem considers the motion of three point masses under their mutual gravitational attraction. In the "restricted" approximation, it is assumed that the mass of one body, the "secondary", is so small that it does not influence the motion of the other two bodies called the "primaries". The "circular" restricted three-body problem (CRTBP) assumes that the primaries evolve in circular orbits around their mutual center of mass. Finally, the Hill problem further simplifies the CRTBP by assuming that the mass m of the primary at the origin (the central body) is small when compared to the mass M of the other primary, and the distance between the primaries l is large when compared to the distance of the secondary to the origin.
The Hill problem provides a good approximation to the real dynamics of a variety of systems. Moreover, the Hill problem assumptions allow for multiplying the time for the rotation rate of the primaries ω to obtain a non-dimensional time scale, and dividing the lengths by (Gm/ω 2 ) 1/3 , where Gm is the gravitational constant of the central body. This non-dimensioning process results in an invariant model that does not depend on any physical parameter, hence giving broad generality to the results, which are naturally parametrized by the Jacobi constant C and whose application at different systems becomes a simple matter of scaling.
In the Hill problem scaling the collinear points are placed at the positions (±ρ H , 0, 0), where ρ H = 3 −1/3 is the Hill radius. They are equilibria of the differential system that are known to be unstable. Besides the equilibria solutions, periodic orbits are particular solutions of specific interest because they are the only solutions which evolution is known for all time. Furthermore, the stability character of a periodic orbit can be easily ascertained by integrating its variational equations.
Periodic solutions of the Hill problem are not isolated, but grouped in "natural" families of periodic orbits generated by variations of the Jacobi constant. Basic families start with small oscillations around the central body or the collinear points. From the basic families of periodic orbits new families appear as branches that bifurcate at different "critical" orbits (orbits with indifferent stability character) either in the plane of the primaries or out of it.
The stability of a periodic orbit is derived from the eigenvalues of the state transition matrix at the end of one period. To the aims of this work, we just mention that the linear stability character is described by two indices, say k 1 and k 2 , such that the condition k 1,2 real and |k 1,2 | < 2 applies for linear stability, critical orbits occurring when either k 1 or k 2 are |2|. Then, stability curves that show the pattern of these indices parametrized by the Jacobi constant provide a crucial information on the stability evolution of a given family of periodic orbits.
We only pay attention to two among the variety of families of periodic orbits of the Hill problem that are known to exist for variations of the Jacobi constant [6, 7] . These are the family of 8-shaped periodic orbits, which starts from small vertical oscillations through the L 2 collinear point, and the family of Halo orbits, which bifurcates from the family of Lyapunov orbits that starts from small retrograde oscillations in the plane of the primaries about L 2 . The description of these families is taken from [5] where more detail is provided as well as the description of other families.
Eight-shaped orbits of the Hill problem
The family of eight-shaped periodic orbits of the Hill problem starts with small vertical oscillations through the collinear points. Decreasing values of the Jacobi constant produce eight-shaped orbits of increasing size and period. The orbits of this family are symmetric with respect to the planes ζ = 0 and η = 0, and cross the plane ζ = 0 only at η = 0 andξ = 0. Three sample orbits of this family are presented in the left plot of Fig. 1 for, from larger to smaller, C = 0, 1, and 2. The family of eight-shaped orbits of the Hill problem is made of highly unstable orbits with one of the stability indices, say k 1 , always having very high values. As shown in the rigth plot of Fig. 1 , the stability index k 1 first decreases with C until the Jacobi constant takes the value C = −0.78757 (k 1 = 361.252) and then continuously grows. The other stability index starts with small values (the minimum k 2 = 1.63823 occurs at C = 1.76243), but soon it crosses the critical value k 2 = +2 at C = 0.512431, where the corresponding value of the other index is k 1 = 434.131, and then grows continuously although with moderate values. Note that the ordinates are represented in the usual hyperbolic arcsin scale.
Halo orbits of the Hill problem
The family of Halo orbits starts from a critical bifurcation orbit of the family of Lyapunov orbits at C = 4.00531, where the period is T = 3.08144. Figure 2 shows the stability-period diagram of the family of Halo orbits (left plot) and one sample stable orbit (right plot). The family starts with a highly unstable, planar Lyapunov orbit and for decreasing values of the Jacobi constant the orbits move from the L 2 point towards the origin with increasing inclination with respect to the plane of the primaries. The period of the Halo orbits, represented with a dashed curve in the left plot of Fig. 2 , monotonously decreases along the family. The instability of the Halo orbits becomes smaller and smaller until finding a reflection orbit at C = 1.06903. After the reflection, Halo orbits exist for increasing values of the Jacobi constant, and enjoy linearly stable character in a short region until changing again to instability at C = 1.09515. It is known that this family continues with orbits that get closer and closer to the origin until its termination in a collision orbit.
Finally, we note that, because of the symmetries of the Hill problem, for any three-dimensional solution there exists also a symmetric orbit with respect to the plane of the primaries.
Dumbbell satellite in fast rotation
In the Hill problem scaling ρ ≡ (ξ, η, ζ) are the coordinates of the center of mass of an extended satellite, whose attitude is described by the orientation of the unit vector in the direction of the dumbbell length with respect to the Hill problem frame. We find convenient to use the Bryant angles (φ 1 , φ 2 , φ 3 ) for describing this orientation. When the attitude rotation of the dumbbell is much faster than the rotation rate of the system, the case of a fast rotating dumbbell, the attitude evolution can be studied in the long-term by averaging the equations over the "fast angle" φ 3 . Then, it can be shown that the attitude motion decouples from the orbital motion [5] . Thus,
where "primes" mean derivative in the non-dimensional time scale. Equations (1) can be integrated analytically, showing that, on average, the rotational angular momentum keeps a constant direction in the inertial space and, therefore, it rotates with constant rate −ω in the synodic frame.
After integrating Eqs. (1), the orbital motion is obtained from the integration of
where ρ = ρ , ∆ = ξ sin φ 2 − (η sin φ 1 − ζ cos φ 1 ) cos φ 2 is a non-dimensional auxiliary distance, and we introduce the non-dimensional parameter
where L/l is the ratio of the satellite's physical length to the distance between the primaries, ν = m/(m + M ) is the reduced mass of the central body, and a 2 is a non-dimensional coefficient related to the satellite's mass distribution such that 0 < 4a 2 < 1, cf. [5] . In the case = 0, of course, Eqs.
(2)-(4) recover the classical Hill equations. The parameter captures the influence of the dumbbell's length in the dynamics, and we call it the satellite's characteristic length. Full details on the derivation of these equations can be found in [5] .
Therefore, for given initial conditions, the long-term evolution of fast rotating dumbbell satellites is reduced to a time-dependent three degrees of freedom problem given by Eqs. (2)- (4) in which the attitude solution of Eq. (1) must be replaced.
For the initial conditions φ 1 = φ 2 = 0, Eqs. (1) identically vanish and the dumbbell evolves, on average, with constant attitude parallel to the plane of the primaries. For this attitude-equilibrium configuration ∆ = ζ and the motion of the center of mass is obtained from
equations that admit the Jacobi constant
A notable result of Eqs. (6)- (8) is that they are formally equal to the well known equations of the Hilloblate problem: a Hill's problem perturbed by the oblateness of a central body. In the fast-rotating dumbbell problem, the role of the oblateness is played by 2 ≡ J 2 α 2 , where α is the equatorial radius of the central body and J 2 is the second order zonal harmonic coefficient. Therefore, in what respects to the orbital motion of the center of mass, the effect of a non-negligible dumbbell's length is analogous to that produced by the non-sphericity of the central body.
Numerical explorations
As the orbital problem given by Eqs. (6)- (8) is conservative, the standard search for periodic orbits and their analytic continuation provides a great insight in the dynamics. Below we provide two sample cases taking the characteristic length as the parameter generator of the families. The description of these families is taken from [5] where more detail is provided as well as the description of other families.
Usual procedures for the continuation of families of periodic orbits rest upon the computation of differential corrections that require the integration of the variational equations. These are
and λ ≡ 1 for length variations while λ ≡ 0 for Jacobi constant variations. Note that for length variations we choose the square of the characteristic length as the parameter because it always appears in the equations as 2 .
We note that periodic orbits are not limited to the equilibrium case of constant attitude motion of Eqs. (6)- (8), and may survive in the non-conservative case described by Eqs. (2)- (4). However, the periodic orbits are no longer grouped in families for variations of the Jacobi constant and only isolated 2π-periodic orbits may exist because the explicit appearance of time in the equations of motion. An account of the time-dependent case of non-constant attitude can be found in [5, 8] .
Eight-shaped orbits of the fast-rotating dumbbell problem
Despite the clear instability of the eight-shaped orbits of the Hill problem that can be appreciated in Fig. 1 , variations of the characteristic length make it possible, in general, to find orbital stability. This is not true, however, for eight-shaped orbits with values of the Jacobi constant above say C ≈ 3 (cf. [5] ). Besides the effects on stability produced by characteristic length variations, the shape and size of the orbit is also affected, which moves and curves towards the origin. As an example, below we provide the family for C = 2, where we find two stability regions separated by a region of complex instability.
The family of eight-shaped periodic orbits of the fast-rotating dumbbell problem with constant C = 2, starts with a highly unstable orbit of the Hill problem ( 2 = 0). Increasing the characteristic length produces orbits of smaller size and period, which reduce their instability character (see Fig. 3 ). One of the stability indices, say k 1 , reduces continuously while the other slightly increases. The period reduces when increasing the characteristic length until a minimum that occurs at 2 = 0.109415, after which a reflection of the family over the period occurs, and periodic orbits exists with increasing period. Very close to the value of for which the reflection in the period occurs, we find maximum characteristic length 2 = 0.109416 for which periodic orbits of this family exist (point 2 in the left plot of Fig. 3 ). Periodicity is broken for higher values of 2 , but, after a reflection in , the family can be continued for decreasing values of the characteristic length.
The reflected branch of the family is made of orbits that immediately enter a region of stability at 2 = 0.109203. Further decreasing the characteristic length produces stable orbits until 2 = 0.106275 (point 3 in the left plot of Fig. 3) , where the dumbbell enters a region of complex instability. At 2 = 0.101998 (point 4 in the left plot of Fig. 3 ) the satellite enters another stability region, and the stability character changes again to instability at 2 = 0.0993536 (point 5 in the left plot of Fig. 3 ). Very close to this value of a new reflection in the period occurs, and periodic orbits of this family exist with shorter periods, reaching high instability values for decreasing values of the characteristic length.
The right plot of Fig. 3 shows three sample orbits of this family. The higher one (the rightmost, in red) is the starting orbit, a highly unstable eight-shaped orbit of the Hill problem ( = 0) with C = 2. The other two are stable orbits, one from each stability region, with characteristic length 2 = 0.1 (left) and 2 = 0.1075 (center). Table 1 provides the initial conditions of some critical orbits of this family, where the "Type" of the stability indices is noted R for real k 1 and k 2 stability indices and C for complex conjugate indices,
Numbers in typewriter style in the tables' caption make reference to corresponding points in the stability-period diagram in the left plot of Fig. 3 .
Halo orbits of the fast-rotating dumbbell problem
Increasing the characteristic length of a dumbbell in an Halo orbit tends to improve its orbital stability characteristics, in general, even finding stability in some cases. Again, variations of the characteristic length modify the size and shape of the orbit, and its relative position with respect to the origin. However, once a stable orbit has been found for a certain characteristic length, variations of the Jacobi constant might maintain stability while slightly changing other orbit's characteristics.
For low values of the Jacobi constant, say C ≤ 1.5, the general behavior of the families of Halo orbits of the fast-rotating dumbbell problem with constant C for variations of is to link two different unstable orbits of the family of Halo orbits of the Hill problem. Thus, the families start from a stable Halo orbit of the Hill problem ( = 0); increasing the characteristic length leads to a reflection and, then, decreasing the characteristic length links the stable Halo orbit of the Hill problem with the unstable one that exists for the same value of the Jacobi constant (cf. Fig. 2 ). The link-families find stability in between for relatively small characteristic lengths.
As an example, we provide the stability-period diagram of the family for C = 1.2 in the left plot of Fig. 4 . The right plot of Fig. 4 shows three sample orbits. The initial conditions of the starting, reflection, and termination orbit of this family are given in table 2. Starting from higher values of the Jacobi constant results in a quite different behavior. Although stability regions still may be found they occur at higher values of . On the contrary, the more unstable Halo orbits of the Hill problem seem not to be amenable to be stabilized by this mechanism. By increasing the characteristic length one never finds a reflection, and at certain value of it occurs the termination of the family onto an orbit of the family of eight-shaped orbits (see [5] for further details).
Conclusions
The attitude-orbit coupling that occurs in the case of satellites of non-negligible length may result in orbit stabilization in the unstable neighborhood of the L 2 collinear point. Specifically, our work establishes the existence and stability of periodic orbits associated with fast rotating elongated space structures. From a qualitative point of view, these orbits are the natural continuation of periodic motions typical of the Circular Restricted Three-Body Problem (Lyapunov, eight-shaped, and Halo orbits) whose dynamical characteristics are modified by the influence of the satellite's elongation. This fact suggests the use of space tethers as a purely dynamical stabilization mechanism.
Focusing on Halo orbits, the most promising regions to investigate are close to the stability region of the Hill problem. Notwithstanding, for real applications one needs also to check that the satellite's elongation required for stabilization is feasible with the actual technology. 
